
D i h e d r a l Groups

(sec t i on 2 . 3 )

Reca l l : (symmetries o f t h e s q u a r e

a n d equilateral t r i a n g l e )

We denoted by D , the symmetries

o f the equilateral t r iangle ,
a n d b y

Dy the symmetries o f t he s q u a r e .

W e w i l l extend th is n o t a t i o n t o

a l l regular polygons!



Definition : ( f i n i t e d i h e d r a l groups) L e t
n-sided

P be a regular
V po l ygon .

W e deno t e b y D , t h e

group
o f a l l symmetries

o f P . Den i s t h e

dihedral group of order 2 h .



Q ' . w h y 2 h instead o f n ?

A s A n n-sided re g u l a r polygon

has rotational symmetries

C ( d o nothing) a n d

powers o f ro t a t i o n b y

2¥ r a d i a n s ,
denoted 221L.

T h e n there a r e i n f l i p s ,

characterized a s f o l l o w s :

I f n i s e v e n
t h e r e a r e 12 f l ips

corresponding t o pairing opposite

ve r t i c e s a n d a n addit ional 12 f l i p s

f r o m pa i r i ng opposite s i d e s



÷i÷¥*.

r e d l ines = f l ips a b o u t v e r t i c e s

b lue l i n e s = flips about s i d e s

I f n i s odd the re a r e n f l i ps

corresponding
t o pairing a v e r t e x

w i t h a n opposing s i d e



÷#*.



Theorem: (cha rac te r i za t i on o f f i n i t e

dihedral groups) Every

element o f D , c a n be

expressed a s

R ¥ where

R i s a
2¥ r o t a t i o n and

J i s a choice o f f l i p , w i t h

0 1 k L n
,
lE{0,13

w i t h t h e convention t h a t

R°=J°= do n o t h i n g .

M o r e o v e r ,

RJ=J%U



f - 0 W e ge t ro t a t i o n s

( = L We get f l i p s



Q : w h a t i s t h e group o f symmet r i es

o f a circle?

A : T h e symmetries a r e e i t h e r r o t a t i o n s

o r f l i p s a b o u t a d i a m e t e r

o f t h e c i r c l e . You c a n
r o t a t e

t h r o u g h a n y angle (modulo 2'T)

a n d a n y d i ame t e r , s o t h e

o rd e r i s i n f i n i t e a n d t h e

group i s o f uncountable cardinality

s i n c e f o , 21T) i s o f uncountable

cardinality



countable- bijective correspondence w i t h 1N

(countab ly infinite)

uncountable = infinite, n o bi ject ion w i t h 1N

N o flip i s a r o t a t i o n s i n c e flips

f i x precicesly two points o n the ci rc le ,

a n d (nonidentity) r o t a t i o n s f i x n o points!

However, w e s t i l l have the r e l a t i o n

R J t . j p '
where R i s a n y

r o t a t i o n a n d J

i s a n y f l i p .



No te : i f R r o t a t e s b y 2¥ ,
then

R has f in i te o r d e r . B u t

i f R ro t a t e s b y a n i r r a t i o n a l

mu l t i p l e o f 2 1 T , t h e n
R

has inf inite order!
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wh y i s t h e o r d e r i n f i n i t e ?

I f F M E I N

m

22¥ = e
,

then m

m

R
2¥

=
R
21h

⇒ ' = In

⇒ r a = m


